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SUFFICIENT CONDITIONS IN THE CALCULUS OF VARIATIONS. 
By W. F. Oscoopn. 


At the time that Weierstrass began his investigations in the Calculus of 
Variations, the principal necessary conditions had already been obtained. La- 
grange had established the differential equation which the solution of the prob- 
lem must satisfy and Jacobi had determined limitations to the extent of the 
region over which the integral may be extended. But the question of whether 
the function thus determined and restricted actually makes the integral a max- 
imum or minimum, and thus yields a solution of the problem, had received 
no adequate treatment. It was at this point that Weierstrass took up the the- 
ory, and he continued its development by supplying sufficient conditions, the 
establishment of which he based on rigorous analysis. The object of this 
paper is to give an account of Weierstrass’s work. Only the simplest case is 
considered, and the representation of x and y by means of a parameter ¢ is not 
introduced. This is desirable, since the gist of Weierstrass’s ideas is thus 
most clearly set forth. Recently Professor Hilbert has simplified the proof of 
Weierstrass’s sufficient conditions, and this proof is also given here. 

No previous knowledge of the Calculus of Variations is presupposed. 
It is regretted that space does not permit a more extensive application of the 
theory to examples. The reader will find it helpful to apply the principles here 
treated to the classic problems of this branch of mathematics. * 

1. Preliminary Notions and Definitions. The simplest problem 
of the Calculus of Variations is the following. To determine a function y of 
the independent variable x which shall make the integral 


I -[° F(x, y, y')dx 


a maximum or a minimum. Here the function F(x, y, p), together with its 











* Cf. for example Todhunter's Integral Calculus, Chap. 15, or, of the older treatises, Jellett, 
Calculus of Variations; Lindeléf-Moigno, Calcul des variations; Carll, Calculus of Variations. 
A systematic treatment of the Calculus of Variations from the modern standpoint, illustrated 
by numerous applications of the theory to classic problems, has just appeared from the pen of 
Kneser : Lehrbuch der Variationsrechnung, Braunschweig, 1900. Thisis a work of high scien- 
tific merit; in point of style, however, it is not all that could be desired, and it is hoped that the 
present article may make the study of this important treatise easier for those who have not as 
yet occupied themselves with this fleld of modern mathematics. Chap. 3 of Kneser’s work con- 
tains examples that may well be studied in connection with this article, and Chaps. 4 and 5 


form an immediate continuation of this article. 
(105) 
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106 OSGOOD. 


partial derivatives of the first and second orders, is a single valued, continuous 
function of (x, y, p), regarded as independent variables, throughout a region 


R: Ay<r<By, <Ag<y<B,  <As<p< Bs, 


where .A, = % < 2, = B, and some or all of the quantities A,, B,,. . . B;may 
be infinite. The limits 2, x, of the integral, for the present, are fixed and the 
values of the function 7, 7/; for these values of x are also constant. 

Conditions A. The functions y(x) here admitted to consideration shall 
satisfy the following conditions which will be referred to in what follows as 
Conditions A. 

(1) y(x) is a single valued continuous function of « in the interval 

%SeS7};3 

(2) y(x) has a derivative y/ at each point of the interval x < x < a, 

and 7/'(x) is a finite and continuous function of x in this interval ; 

(3) y(%)=Yo Y(%)=%, Where Yo, y, are constants for the 

problem ; 

(4) the point (x, y, y’) lies in the region 2. 

We shall confine ourselves to the case that the integral J is to be made a 
minimum. No essential restriction is thereby introduced, since the necessary 
and sufficient condition that J be a maximum is that —J be a minimum. 

Definition of Strong and Weak Variations. Let y(x) be any function 
of x satisfying Conditions A. Consider a strip S about the curve y, bounded 

by the curves y=y(x)+¢€, y=y(x) —e, 
d and by the right lines x = x, x = x, ; € denot- 
ing an arbitrarily small positive constant. Let 
¥(x) be a second function of x also satisfying 
Conditions A and let the curve y= Y(zx) lie 
Oa. Z, wholly in the strip S. Set 


= ¥(x) = y(x) + 9(z). 
The function (x) thus defined is called the variation of y and was formerly 


denoted by dy; the curve y = Y(x) is called the varied curve. (x) satisfies 
nos. (1) and (2) of Conditions A,and (29) = n(2,;) = 0. Moreover, 


& 








|n(x)| < «€, tm Sxrsn, 


where |7(xz)| denotes the absolute (or numerical) value of n(x). It does 
not follow, however, that y/(x) is numerically small, too, at all points of the 
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interval. To the special class of variations for which this is the case, — more 
precisely, for which 

|n/(x)| <e, %y<X< 2X, 
the name weak variations is applied (Fig. 2) ; the general variations (which 
include the above) being termed strong variations* (Fig. 3). 
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By the neighborhood of the curve y = y(x) is meant the interior of the 
strip S together with the extremities of the curve.f 

Definition of a Minimum. The function y(x) is said to make the inte- 
gral J a minimum if the value of the integral formed for any varied curve 
Y(x) = y() + (x) has a larger value than when formed for y(x). Writing 


AI = [ F(x, Y, Y')dz - [" Fe, y, y')dx, 


we see that the necessary and sufficient condition for a minimum is that AJ > 0 
for all functions Y(x) different from y. The minimum is called a strong or a 
weak minimum according as strong or only weak variations are admitted. 

Necessary Conditions fora Minimum. Lagrange’s Equation. A first 
necessary condition for a minimum may be obtained as follows. Let y(x) bea 
function of x satisfying Conditions A and making the integral J a minimum, 
and let n(x) be any variation of y not identically 0. The function an, where 
a is a parameter independent of x and — 1S a S31, is then also a variation. 
Consider the following function of a: 


Al = f(a) =/ | F(x, y+an, y' +an’) — F(x, y, y') (de. 


to 





* There is still another class of variations, those denoted by Kneser as starke Variationen, 
which from one point of view is more general than the above; from another point of view this 
is not the case. ‘ 

tIn the case that only weak variations are admitted to consideration —a case that will 
not concern us in this paper —the definition must be so modified that only such points of § 
(near the extremities) will be included as can be reached by the varied curves admitted to con- 


sideration. 
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108 OSGOOD. 


It is a single valued, continuous function of a having a derivative at all points 
of the interval — 1 = a = 1, and* 


J’ (a) ={" \n Fy (x,y +an, y'+an') + 7' F(x, y+an, y'+an’'){ da, 
where F, = ete. Furthermore, f(a) > 0 when a ¥ 0, since AZ is then 
4, 


positive, and #(0)=0. Hence f(a) has its minimum value when a = 0 
and f’(0) = 0. Weare thus led to the theorem: «1 necessary condition for 
a minimum is that 


/ (nF, +. nF. )de = 0 (1) 


for all variations ». 
The integral standing on the left hand side of (1) is called the first vari- 
ation of I and is denoted by 8/. 
From this condition it follows that at any point of the curve ¥ at which 
oF 


~ 72 


Cl 





- Pyy(%, Ys y') ~ O 


the function y admits a second derivative and that y¥ satisfies Lagrange’s 
Equation :t 





a dF, 
fy de 0 
; ' — (2) 
or y" = f v—F — f Fy 
y'y’ 


Definition of an Extremal. Any function y of x (or curve representing 
such a function) which, at all interior points of an interval (2’, x”) through- 
out which it is considered satisfies Lagrange’s equation (2) is called an eztre- 
mal.*. The sets of values («, y, y') thus arising must of course be points of 
R. In this paper we shall restrict ourselves to the case that Fy,-(x, y, p) 
does not vanish in 22. This case includes nearly or quite all of the problems 
that have arisen in practice. 





* For a rigorous proof that f(z) has a derivative and that the derivative is given by differ- 

entiating under the sign of integration, cf. for example Picard, Traité d' Analyse, vol. 1, p. 29. 
t For a proof of these theorems cf. Mr. Whittemore's paper, this number of the ANNALS. 
} Kneser, Lehrbuch der Variationsrechnung, p. 24. 








Example.* The theory set forth in this paper is well illustrated by the 
following problem. , 


To connect two points (x9, yy) and (21,41), Of the upper half-plane (i. e. 
points for which y >0, y,>0) by a curve such that the integral 


—_—_———. 


na 7"? 
T= / v ity dz, 
Jv 46 ¥ 


taken along this curve shall be made a minimum. t 








y a‘. 
iy 
' s 
“ iV, | 
140 t+ + 2 
O z, z, 
Fig.4. 
Here 
2 ' 
fe Vv l + y/' 7 Y ’ l 
Pate, Bpaaplen, Tyo 


—_— eee —— * o> OO” —— ———— 
J W 1+ y” VAG l + y’)* 
Since F' does not contain x explicitly, a first integral of Lagrange’s equation 
(2) is given by the formula} 


F —7'F, = b-* (const.) 





* This example is continued in §§ 2, 3. 

t A physical interpretation of this integral may be given as follows. The upper half-plane 
being conceived as a medium in which the resistance opposed to the motion of a particle is 
measured by 1/y, the integral represents the work done against the resistance in moving a par- 
ticle from the point (zo, yo) to the point (2), y:); and the problem is to determine the path along 
which the work will be a minimum. 

This integral presents itself in the non-euclidean geometry in which the Euclidean measure- 
ment of angles is preserved, while the lengths of curves are defined by the integral in question; 
the straight lines being, then, the extremals presently to be obtained. This is one of the non- 
euclidean geometries that plays a réle in the uniformizing of the algebraic functions by means 
of the automorphic functions according to the method of the Linienelement. Cf. Klein, Lineare 
Differentialgleichungen, Gittingen, 1894, p. 515, and his lectures on Automorphic Functions, 
summer of 1899; the latter lectures were not lithographed. 

t The truth of this theorem is immediately obvious, since in this case 


d ’ 'Fy: eats ’ ad y’) 
az (*-¥ y) = (Py — ay? 
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(x—ajl?+ P= BR. 


Hence the extremals are the totality of semicircles that can be drawn in 
the upper half-plane with their centres on the axis of x. The extremals that 
go through the point (x9, 7) are those for which a and } are connected by the 
relation 

(% — %)? + yf = OF 


and they are given by the equation : 





¥Y =V 3+ 2a9(4 — 7%) — 2, (3) 


where 7? = x? + 73, the distance of (79, ¥)) from the origin. y will go through 
the second point (7, ¥,) when* 


Aa 
2(4, — 2) 


Variable Limits of Integration. In the foregoing we have required that the extremities 

(%o, Yo), (71, 41) Of the curve y for which the integral J is formed be fized points. If these 
points be allowed to vary, further necessary con- 
ditions for a minimum present themselves. Sup- 
pose, for example, that the points are required to 
lie respectively on two continuous curves To, 1; 
having tangents that turn continuously. The 
functions y for which J is to be formed are still 
subject to Conditions A with the modification that 
the points (7, yo), (41, y1) are nowany points of 
Ty, T;. It may be desirable to demand that the 
curve y meet the curves ly, T'; only at its extrem- 
Fig.5. ities. The strip S about a given curve y we may 

define with Kneser as the part of the z, y plane 

swept out by a small circular disc of constant radius p whenits centre describes the curve y, 
or as the part of such a strip lying between the curves Ty, (Fig. 5). The variationof y, n(x), 


ag = 














* The case that z; = zis here excluded. It may be dealt with directly by taking y as the 
independent variable and its consideration is left to the reader. 
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is now defined as follows: Consider any varied curve, i. e. acurve Y(x) satisfying Conditions A 
and lying wholly in the strip S. Let itsextremities be the points (xj, y/), (x, y;)- The interval 
x) =x! Sz is next transformed in a one-to-one manner and continuously on the interval 
Zt) = £ S x, — most simply by the linear transformation 


t—w at—a 
z= ~—- Te — . 


= r 
’ / Is 
7) % *) ath 


The function Y(x’) thus goes over into a function of « for the interval x = x S 7). The vari- 
ation »(z) is defined by the equation 


Y(z’) = y(*) + (2). 


To obtain the necessary conditions in this case, assame that y with the extremities (7, yo), 
(2, ¥:) makes the integral J a minimum and then vary y first by curves Y having: the same ex- 
tremities. It is then shown as in the earlier case that y must satisfy Lagrange’s equation. 

Assume this condition to be fulfilled. Consider a variable point (xj, y/) of Ty and denote 
the length of the arc of I’, from (z,, y,) to (zi, y!) by a. Let y = Y(z',a) be the equation of a 
one-parameter family of varied curves connecting (z;, yj) with (z,, y,), the latter point being 
fixed, and let the function Y(2’,a) satisfy the further conditions :* 

(1) Y(#', @ is, together with its partial derivatives Y¥-" = ¥’, Ye, Vera = Y'e, a continu- 

ous function of (z’, a) inthe region —a, S a Say Haz’ sr, 


(2) Y¥(2',0) =y(z). 
Form the function 


=z 
0 0 


7, ry 
AI = fi(e) = | F(s', Y, Yds! — | F(x, y, y!)dz. 
’ r 


This function has the same properties as the earlier function /(a), namely: it is positive when 
a ¥ Oand vanishes when a = 0, and it has aderivative. Henccit follows that (0) = 0. Com- 
pute the derivative. 
a, ; 
S{(@) =[ ) Fy Ya + Fy’ Ye (de! — Fir’, Y,Y)|,-., 
“ - 


This formula can be transformed by means of integration by parts as follows. Notice that 
Ya(x:, @) =0 for all values of a. 


"yi! df = Py¥el, -| v.42 rae 
“e ~~ r! * dr ani 
Ja 0 


* It is not difficult to make clear to oneself geometrically that these conditions can all be 
fulfilled. Kneser (1. c. p. 31) gives a simple means of forming an explicit expression for the 
function Y(z', a), but he does not show that this curve meets I'y in only one point, (xj, yj). 
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f@a=- [ Fre. yVryyre + Fr’, ¥, ¥)- 


Pa, 
1 i . on 
a | } Fy(2', Ps Y') — =.) Fy'(2', } ’ } 2 { Yadz'. 


When a=0, Y=y and the integrand in the last formula vanishes identically because of (2). 
Denote by w the angle that the tangent to Ip at (7, y)) d awn in the direction of the increas- 


ing arc a makes with the axis of z. Then since 


dY (r',a) dz! + ¥a( P ) , dy! dy( vd »a) | 
eee, a = » a x’, a) = # Fa anc = COS ww, — | = sin &, 
da ” ) da a\ da = da — 


Vals, 0) = sin w, — uy. COS wy 


The condition /{(0) = 0 thus leads to the following result. 1 further necessary condition in the 


case of variable limits of integration is that 
Yor ¥,) Sin w, = 0. (4) 


[Fi To: My y’) = YF of ’ Yo y,)) cos ® + Fy :( of 


A similar formula holds for the point (z;, y:) and is obtained by replacing the subscript 0 
by 1. These two formulas usually suffice to determine an extremal completely. 

When an extremal y is cut by a curve Ty at such an angle that equation (4) is satisfied, y is 
said to be cut transversely by Ty (Kneser). 


2. The Notion of a Field about the Extremal (’. If there is to 
exist a function vy which makes the integral 7 a minimum, then it must be 
possible, first of all, to join the points A and 
B (i.e. (295 Yo) and (7,, ¥,)) by an extremal 
C’. We willassume that this condition is ful- 
filled. This will always be the case when 
Lagrange’s equation (2), which is a differential 
equation of the second order, admits in the 
interval 2 S x S 7,a solution g(x, a,b) de- 





pending in such a manner on two arbitrary 
constants “, + that the equations 


Io = T( 254, b), N=7(414, hb) 


‘an be solved for a, b. 
Secondly, we assume that a one-parameter family of extremals, 


Y= $(%, 7), 


exists, one of which, y = $(x, yo), coincides with C, and which sweep out the 
neighborhood of C’ just once ; and that furthermore the distance between two 
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neighboring extremals of this family, measured along a parallel to the y-axis, 
is an infinitesimal of the same order throughout the whole interval (cp, X). 
More precisely, we assume® : 


(1) thata function $(x, y) exists which, together with its partial deriv- 
atives $, = $', $y, dry = $), ts a continuous function of the two 
independent variables (x, y) in the domain 


T: HSrsn, Y—-—KSyzmt+«, 


where « is a suitably chosen positive constant; and that, for a con- 
stant value of 1, $(x, 7) ts an extremal, which for the special value 
Y = Yo, coincides with C; 

(2) that $,(x,%) #9 when x Sx Sx. 

From (1) and (2) it follows, as will presently be shown, that through 
each point of a properly chosen neighborhood S of C one and only one ex- 
tremal $(x, 7) passes and that ¢,(7, 7) does not vanish at any point of S. 
Hence the extremals $(x, 7) pertaining to 7’ just fill, when « is chosen suffi- 
ciently small, a two-dimensional region S’ in which the extremal ( is imhed- 
ded. The picture of the cross-section of the 
strata of a geological formation is useful here, 
while in the case of two independent varia- 
blest (J being a double integral and the ex- 
tremals $(7, y, y) a fimily of surfaces) the 
notion of the strata themselves serves to illus- 
trate well the relations in question. Fig.7. 

Proof. We will first give the proof, not 
for the neighborhood S of C, but for the neighborhood of an arbitrary point 
(z’, y') of C. Since $,(2, 7) is continuous and does not vanish at the point 
(z’,%), there exists a certain neighborhood = |x — 2’) <i’, ly — %ol< «’ 
about this point, throughout which ¢(7, y) + 0. Furthermore the equation 


y 











¥ = $,(%, 7) 





* A broader definition of the field than this may be given; cf. the writer's paper: ‘‘ On the 
Existence of a Minimum, etc.,” Transactions Amer. Math. Soc., vol. 2 (1901). 

t Cf. Schwarz, Ueber ein die Flachen kleinsten Inhalts betreffendes Problem der Variations- 
rechnung, Festschrift on the occasion of Weierstrass’s 70th birthday, 1885, Werke, vol. 1, p. 
224, where the notion of the field, which is the foundation on which Weierstrass builds up his 
sufficient condition for a minimum, is set forth with admirable clearness. 
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can be solved for y as afunction of the two independent variables (x, 7), the do- 
main of these variables being the neighborhood = |. — 2’|< U’, ly—y'|<h' 
of the point (2’, 7’). The proof follows at once from the fundamental exist- 
ence theorem regarding implicit functions,* which for the present case may be 
stated as follows. 

Let ®(x, y, y) be a continuous function of the three independent vari- 
ables (x, y, y) throughout the neighborhood D of the point (x', y', yo) and let 


P(x’, y', W) = 93 


let the first partial derivatives of ® exist at each point of D and be continuous, 


and let 
©, (2’, y', %) #9; 


then for every point (x, y) of the neighborhood d of (x, y') the equation 
P(x, y, 7) = 9 
has one and only one root y that lies in the neighborhood of the point y = %, 
and thus defines y as a single valued function of (x, y): 
Y= ¥(% y)- 


The function (x, y) is continuous throughout d and has continuous first par- 
tial derivatives there, given by the usual formulas for the differentiation of 
implicit functions : 


é 
$,+ 0, 7 =0, o,+ 6, 7 =0. 


| &® 
S 


In the present case we have merely to set 
| P(x, ¥, 9) = (47,7) —y- 
Then ®,(z, y, y) = $,(%, 7). Thus the equation y = $(z, 7) has a singly 
determinate solution, y = (2, 7), and the proof is complete for the neigh- 
borhood |x—2|<h', ly—y\<h', ly— ‘|< of the point 
(x', 7, Yo)- 


The quantities A’, «’ will in general vary for different points of the curve 





* This theorem and its proof were first given by Dini in his oniversity lectures at Pisa, 
Analisi infinitesimale, 2 vols., 1877-78, lithographed, vol. 1. They were printed in Peano-Genoc- 
chi’s Calcolo differenziale e principii di calcolo integrale, Turin, 1884, §110, and appeared later in 


Jordan's Cours d’ Analyse, 2nd ed., vol. 1, 1893, §91. 
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C’; but if they are chosen suitably at each point (2’, y’), the lower limit 
of each of them, as (2’, y’) describes C, will be a positive quantity, as can 
be shown at once by a well known method of reasoning in higher analysis. 
This completes the proof. 

Example. Consider the example of §1. The extremal C is a semicircle 
of radius 5) with its centre on the axis of x at the point x = a. A field can 
be formed about C in an unlimited number of ways. Thus we may take as 
the family of extremals the family of concentric semicircles and set 





$(x, 7) = VP —(x#— a)’, O<y<x, (5) 


Here, Yo = 4. Or, again, let (x, yp) be an arbitrary point of the extremal C 
extended into the region x< 2%, so that ay — by < 2 <2, (Fig. 8). A field 
will be formed by the semicircles through (29, ¥)) with their centres on the 
axis of z, and 





(x,y) = ro + 2y(x — xm) —2%, —x <y<+%, (6) 


2 
where rf? = x}? + yi". Here, yo = ap: 


3. Weierstrass’s Sufficient Condition for a Minimum; the 
Function “3. In order to establish the existence of a minimum, Weierstrass 
gives a direct proof that, when a field about C’ exists in the sense of §2 and cer- 
tain further conditions are fulfilled, the 
integral J, taken along the extremal C, 
has a smaller value, J, than the value J 
which it acquires when taken along any 
other curve C corresponding to a function 
Y(x) (§1) not identical with y(z). 

We will assume, then, that such a 
field exists and, for simplicity, that all 
the extremals $(, 7) go through a point 
A’, (x), ¥%), on the extremal C produced, 
where 24 < 2%, but lies arbitrarily near to %.* Let P, (x9, y2), be any 
point of the curve C and s the length of the are AP of C. Denote the total 











Fig.8. 





*Weierstrass considered in his lectures the case of a field in which the extremals ¢(z, 7) 
all pass through the point (x,y). The notion of the auxiliary point (xj, y4) is due to Kneser 
(1. ¢., p. 59). Its introduction in the presentation of Weierstrass’s proof simplifies the details 
of that proof without altering its substance. 
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length of C by 7. Draw the extremal y = $(x, y2) connecting A' and P. 
Consider the integrals : 


Ie = exes y,y'jdx taken along y = $(%, 2), 
Jz) 


I, = f° F(x, Y,Y¥')dx taken along C’. 


The sum of these integrals is a function of s. Denote it by f(s) : 
I (8) = In + In- 
Observe that (7) = J' + J, the value of J taken along C from (2), yj) to 
(24, %1)3 F(0) = I’ + J, the value of J taken along C from (2), yi) to (oy Yo) 
and then along C’ from (2%, Y) to (7, 4%) 3 so that 
S() —f(O) =-— (J —-A). 

Lemma. The function f(s) is a continuous function of s in the interval 
0=8 Sland tt has a derivative that is never positive and is sometimes nega- 
tive, provided that the function 

Fryy ("Ys P) 
ts positive at every point (x, y) of CU when to the third argument pan arbitrary 
value is assigned. 


From this theorem it follows that f(s) is a monotonic function that actu- 
ally decreases in parts of the interval 0 S s S /, and hence that 


Sl) < S(), ie Jed. 


The foregoing conditions are thus seen to be sufficient for the existence of a 


minimum. 
Proof of the Lemma.* First, it is clear that 
dT, . dr 
-— =—Hf (12, Yas M) —_ =— cosa F (2g, Yas M), 
where M denotes the slope of Cat P and a = tan7M, — >< a< > 





* Weierstrass obtains the derivative f(s) by computing directly the infinitesimal increment 
of the function in terms of the infinitesimal increment of s and evaluating the limit of the ratio. 
The analytic work is much longer, even when Weierstrass’s parametric representation of z 


and y in terms of ¢ is replaced by the unsymmetric form here employed, and appears to pos- 
sess no compensating advantages. 
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The integral J, may be regarded as a function of the independent varia- 
bles (x2, y) and these in turn each as a function of s. Then 


8S 





ds ~ dx, ds ' oy ds’ pe: 
Oly dig i 
la, a = cosa F(x, Y2,m), Al 

ft 


where m denotes the slope of C at P. 





ve nr , _ ass 
The derivative dy can be obtained by differentiating under the sign of 


integration :* 


Fee meme pig ace’ 


ol ~ y 7 LU 
anf (Fo, + Fy $)) dz, 
oy 4 
and this integral can be transformed by an application of the method of inte- | | 
gration by parts similar to that employed in §1. The result is as follows: f 
Ole _ wy, "» .. ¢ pram tt 
te = Fy (Fa, Yo, M) (X25 Y2) + : (fy - dx 4 ) bdo {| 


The integral on the right hand side vanishes because ¥ satisfies Lagrange’s 
equation (2). 
To compute the derivative /y/ds, observe that, the equation 
y = $(*, 7) 
being solved for y (cf. §2): 
Y=¥(% Y)s 
the partial derivatives y,, y, are given by the formulas 














%=-£, ¥,=2 fi 
_=——, ow 
$y $y 4 
If now (.X, }°) denote the coordinates of a variable point of C, i 
he . 
w= W(X, ¥) 4 
d rr , , » . 
and “a = v,(X, 1) cos a + y,(Y, ¥) sin a {) 
as :? 
’ H ‘ 
— $'(%2, ¥2) cos a+ sina M—m 
= $ (2, Y2) Cos wi Mates = 606 6 ————— 
$, (25 Y2) $, (-"2» Yo) 
* Picard, 1. c. The differentiation of J. may also be performed by the formula established it 


by Picard on p. 31. 
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Collecting the results we have the following formulas : 


dl, 


“ds” 


= cos a [ F(x, Y2,m) + (MW— im) Fy: (295 Yor Mm) ), 


t'(s) =-- bo, 
where 


& = cosa! F(x, yz, M) — F(%g, ya, m) — (M — m) Fy (rg, Yay m) | 


= $cosa (M— m)?* Fyy (1g, yn. m+ O(M—m)), 09<80<1. ©) 

Thus the existence of a derivative and with it the continuity of the fune- 
tion 7(s) has been established at all points of the interval 0 Ss 3 7. 

From the form of & it appears that /"(s) can never be positive when 
Fyy (2, sp) satisfies the conditions of the lemma; but it can vanish when 
M—m= 0, t. e. when the extremal (7, 72) is tangent to Cat P. Since C 
is arbitrary, it may coincide throughout parts of the interval with an extremal 
(x,y), and here .W— m will vanish. It remains to show that 1J— m cannot 
vanish throughout the entire interval unless C’ coincides throughout with C. 
This follows at once from the equation 


dy, M jit 

ds $, (£2, 2) : 
for if W— m= 0, then x, is constant, and since only one extremal C can be 
drawn in S connecting A and LB, y= yo. 


The method here set forth for a special field admits of extension to the 
general field of §2 (cf. §§4, 5) and the results may be summarized as fol- 
lows: 


WEIERSTRASS’S SUFFICIENT CONDITION FOR A Minimum. A sufficient 
condition that a function y make the integral . 


I= | F(z, Ys, y' dx 


° 
aminimum ws 


(1) that the points (Lo, Yo), (Ly Y~,) can be joined by anextremal C' sat- 
isfying Conditions A; 

(2) that there exists a field ahout C in the sense of §2; 

(3) that F yy’ (Ls P) be positive at all points of C, p being arbitrary 
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in the case of a strong minimum, and equal to y! in the case of a weak min- 
imum. 

Example. The integral of the example of §1 is a minimum when the 
function y is an extremal. For, if the field designated at the close of §2 is 
employed, Weierstrass’s sufficient condition will be fulfilled. 

4. Proof of the Sufficient Condition for Any Field; Kneser’s 
Transversal. Let it be assumed that A, <2 (§1, beginning) and that the 
field extends beyond the line x = x9, the region 7’ being now enlarged slightly 
to a region 

ae %&2S XN, Y—-KS ye Nm+4; 


where A, < 2 < 2%, but where 24 may be chosen arbitrarily near to 2». 
Through the point A pass an arbitrary curve G not tangent to C and 


having a continuously turning tangent. Let the coordinates of a variable point 
Q of G@ be (&,). Then, as is readily shown, £and 7 are both continuous 






=~, 





ype, 
wh -—-—<e<e= 








j 
{ 
a ‘ ; 


Fig.9. 
functions of y having continuous derivatives with regard to y, and these 
derivatives do not vanish simultaneously in the neighborhood of the point A. 
For 


7 


T= #(Es9) SE + (Er) (8) 
and $, (2%, %o) # 0. 

Let the points A and B be joined as before by an arbitrary curve C sat- 
isfying Conditions A and lying in the neighborhood of C’, and let the detini- 
tions and notation of §3 be preserved with the one exception that J shall 


now denote the following integral : 


Tey -[ "F(x, y, y') de taken along the extremal y = $(2, 7)- 
; € 
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Then T(s) = Te + In. 
thle, . aly 
IV) = * a’ 
d I, 


——> ai F’ (rs, Yas M) cosa, 
ds plea 


dl, Cl» drs Cl, dé dy, “a . . ) 
Ei. ROR OE £5. i == F, KF. da 
ds oat, - + ck — + - > I, | y $, + I, aa r 
dy, 


: dé ; 
=F'(r2, 2, m) COs a — .e [ (€, 0, ™) hy + Py (&, "> m) ,(&9) |, - 


=Y¥, 


dys i 
ia "EC, Yoy 1) Dy (as V2) 
as 


where », = $'(€, 7), the residual integral vanishing as in §3. We thus obtain 
the formula 


S'(s) =—cosa [ F( Hay Yas M )— F( Lay Yay i) — ( MV i) Fy (22 Yas m) | 


dy, zs dé : 
= ——_ [Fe 7, 1) dy - By (€, )y m) ,(&, yn]. 


This formula differs from the corresponding one ot §3, f’(s) = — &, only 
by the presence of the second line. The curve G is still arbitrary ; and now 
it is Kneser’s* idea so to determine @ that this line will drop out: 


d 
F'(&, n,m) i + F',.(&, n, m)$,(&, ¥) = 9 (9) 


This will always be possible provided F'(79, 7.46) 4 0.+ Thus & is defined 





*7.¢. ch.3. The further course of Kneser’s proof foliows, however, different lines from 
those of this article, which are in substance Weierstrass’s. Kneser treats the whole problem 
of making the integral Ja minimum as a generalization of the problem of the shortest lines on 
acurved surface. 

ft If F(, %> y,) = 0 we may consider the function F (r, yy') = Fis, y,y') +1. Then 


vy ry 
j F(s,y, y')ds =] F(z, y, y')ds + (1— 4). 
tL lo 


0) 


The functions F, F have the same extremals and evidently a function y that makes one a mini- 
mum makes the other a minimum too. But F'(y,, ¥,,4¥/) 4 0, and the proof of the text applies . 
toit. Hence even when F'(7,, ¥,,y)) = 0, y makes Ja minimum. 
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by (9) as a function of y, single valued and continuous and having a con- 
tinuous derivative in the neighborhood of the point y = y,* and n = $(&, 7). 
The curve is transverse (§1) to the extremals $(x, 7) ; for from (8) and (9) 
follows that 


7 ’ dg * dy 
[F (&, > m ) — Fy (é, Ns m) | dy + F,(&, ; ™) dy = 0 


With the modification, then, that the integral J, is to be taken from the 
lower limit € just determined as a function of y, instead of from the point 
(29, Yo) of §3, the reasoning of that section applies word for word to the pres- 
ent case, and thus Weierstrass’s sufficient condition is established for any field. 

Hitherto we have confined ourselves to the case of fixed limits of integration. Kneser’s 
method of proof enables us at once to extend the sufficient condition to the case of variable 
limits and enunciate the 

Tueorem. A sufficient condition in the case of variable limits of integration that the extremal 
C make the integral I a minimum is that (the necessary conditions that C cut Ty, I) transversely 
being fulfilled) it be possible to surround C by a field of extremals in the sense of §2 and that each 
of the ertremals of this field cut the curve To (§1) transversely; and finally that the function Fy 
be positivein R. 

In §2 the fleld was bounded by the right lines y = ») and x = +v;. Here, those lines are re 
placed by the curves Io, T;. 


5. Hilbert’s Proof of the Sufficient Conditions by Means of 
an Invariant Integral. It not infrequently happens that a problem in 
physics can be solved independently by the methods of the differential calculus 
and by those of the integral calculus. Thus the pressure J of a fluid, acted on 
only by the force of gravity, on an immersed vertical plane area can be ob- 
tained by determining d7/dz as a function of x, the depth, and then solving 
the corresponding differential equation ; or P can be expressed as the limit of 
the sum of the partial pressures AP on horizontal strips of the area of infini- 
tesimal breadth. Or, again, the condition for a steady flow of heat in a homo- 
geneous solid—Laplace’s equation—can be obtained by considering the amount 
of heat that flows into an infinitesimal element of the body and making the 
linear dimensions of this element converge toward zero; or Green’s theorem 
can be applied to an arbitrary portion of the body, which is not ultimately made 
infinitesimal. t 








* For the existence theorem for an ordinary differential equation, of which use is here 
made, cf. for example Picard, Traité d Analyse; vol. 2, ch. 11, in particular, §7. 

tA recent illustration of these two methods was afforded by the two proofs of Goursat’s 
lemma for Cauchy's Integral Theorem, the proof that Goursat gave (cf. Transactions of the 
Amer. Math. Soc., vol. 1 (1900), p. 14), corresponding to the integral method, while Moore's 
proof (ibid., p. 499) corresponds to the differential method. 
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Weierstrass’s method of establishing his sufficient condition was a method 
of the differential calculus. Hilbert’s method,® which we now proceed to 
consider, is a method of the integral calculus. The problem is (cf. §3) to 
show that the value J of the integral J taken along the extremal C’ is less than 
its value J taken along an arbitrary curve C lying in the neighborhood of C. 
Hilbert proposes to himself this question : Js it possible to determine an integral : 


| o, y, ¥')ds (10) 


in such a manner 
(a) that its value shall be invariant of the curve C, t. e. af the function 
Y(x) which is merely required to satisfy Conditions A and to lie 
in the neighborhood of C; , 
(4) — that, when C coincides with C, i.e. V(r) =(2,%), the value 
of this integral shall reduce to the value of I taken along C, i.e. 
to J. 


Suppose such an integral has once been obtained. Its value is then ./. 
And now the point of Hilbert’s whole method is this. The difference, J — ./, 
which for a minimum must be a positive quantity (necessary and sufficient 
condition, §3) can be written in the form 


md = /[ ‘\ F(x, Y,Y') — ®(z, Y,Y') (dx, (11) 


and hence a sufficient condition for a minimum is that the integrand 
F(x, Y,Y"')— @(7,Y,Y') 


be positive in parts of the interval, and nowhere negative, for all curves C not 
coincident throughout with C. It turns out that, in case a field about the ex- 
tremal (' exists, the function ® can be so chosen that this integrand becomes, 
save as to a positive factor, the Weierstrassian function &. 

We proceed now to develop the details of Hilbert’s analysis, and begin 
by citing, for the purposes of a lemma, a well known theorem of the calculus 
of variations. 





* Hilbert set forth his method in a course of lectures held at Gottingen in the summer se- 
mester of 1900; cf. the report on these lectures published in the Bericht des Mathematischen 
Vereins, Gottingen, S. - §., 1900, p. 10. 
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Lemma.* The necessary and sufficient condition that the value of the in- 
tegral , 
ag | 
[ ®P (x, y, y') dx, 
7 

where ® is subject to the same conditions as the function F, §1, be independent 
of the path y, which is required merely to satisfy Conditions A and, besides, 
have a finite and continuous second derivative in the interval xq <x < x,t is 

that ® satisfy the functional equation 


W~ ge Ov we (12) 


for all functions y of the above class. 

This equation is, in form, identical with Lagrange’s equation (2). But 
there, / was given and y was required to satisfy the equation ; here, 7 is as- 
sumed at pleasure and ® is required to satisfy the equation. 

The special case of the theorem that ® = P + y'Q, where P, Q are fune- 
tions of only (x,y), the integral then reducing to 

(7%) 
[re + Qdy, 
(Zo Yo) 
is a familiar one. Equation (12) then becomes 
oP 6Q 


Cy ok 
The application that Hilbert makes of the lemma is as follows. He takes 
as ® the function 
B(x, y= FY P)t+ (YY — PIF YP) (13) 
where p denotes an arbitrary function of (2, 7) having continuous first partial 
derivatives, p,, Py, at all points of the field, and then requires that p shall be so 
restricted that ® will satisfy (12). Here, 
®, = Fy + Fypy + (y' — Pp) (Py + FopPy) — PoP 
d®, dF, 


, tee hm Ppt Fy + Fp (Pe + Py): 





* A proof of this lemma is given at the close of the present section. 

+ This further requirement of the existence of a second derivative must in general be made 
for the sufficient condition in order that (12) may have a meaning. But when @ is a linear 
as in the case considered by Hilbert, the requirement is always fulfilled. 





function of y’, 
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and the condition for p is found to be :* 


Fy — Fry —P Pig — Fag( Ps A P Py) = 9. (14) 


This last condition can always be satisfied when a field exists by choosing 
for p the function : 


p= $' (.r, Y)> y = d(r, y). (15) 
In fact, (14) then reduces to Lagrange’s equation(2) ; for 
mean yt 
De == i) $, or ’ Py —= ¢, cy , 
, Cy oY 
O=d 4 : ' 
e+ ora b= 9 5 Y 


and so 
Pr oe PP = $d”. 
Replacing now, in the expression for ®, (13), y by Vand p by y/ = 


f(x,y), where Y= $(x, y), equation (11) becomes the following (cf. (7)) : 


J—J= | FP YY) - Fay) - OY — y') Fy (4 Y, y’) (de 


=| oe sec a dr - | 8 ds, (16) 


where ds denotes an element of the curve C. 


Proof of the Lemma. (a) The condition is necessary. For let Y,y be any two of the 
functions, and let }=¥y+ 7. Form the function 


ra 
Sie) = | (1, 4 + an, y' + an')— (47, y, y' (dr. 
e / 


v 


Since y + an, abeing a constant, is also one of the functions considered, f (a) = 0 and hence 


* 
S"(a)= | } nby(x, y + an, y' + an!) + 9! dy'(4, y + an, y! + an’) { dy 


* ry 


also vanishes. From the equation obtained by putting a= 0: 





* This condition is obtained by Hilbert in the form (cf. Bericht des Math. Vereins, 1. c.) 


CF, (F é 

- E — ao - (p Fp) = 0, 

Cr cy cy 

where the partial differentiations indicated by the sign ¢ are performed on the supposition that 
(7, y) are the independent variables. 
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ai 
| | nby(z, yy’) + 0! by'(z, y, y!) (dz =0 
zr 


equation (12) can be deduced by the method set forth in Mr. Whittemore’s paper (J. c.). Hence 
the condition is necessary. 

(b) Conversely, the condition is sufficient. Again, let Y, y be any two of the functions 
and form the function f(a) and its derivative f’(a). The integral that expresses this latter 
function can be transformed by integration by parts, as in §1, so that 


| 
f'(a)= [ 1) %y(z, y + an, y' + an’) — x by'(z, y + an, y' + an’) dr. 
. to 


Hence f'(a) = 0 and (12) is a sufficient condition. 


6. Extension of Hilbert’s Method to Double Integrals; the 
Function *. The problem with which this paper opens can be extended 
immediately to double integrals. Let ZT be a region of the (z, ) - plane 
bounded by a closed curve © which has a continuously turning tangent, and 
let an arbitrary set of boundary values b be given along GC, these values to form 
a continuous function of the are of € and toadmit a continuous derivative with 
regard to this are. Consider the integral 


| =| [Fe Ys 2, p,q) dedy (: ~ ze wie in) - 


z 


extended over T, z being a continuous function of (x, y) throughout TF inclu- 
sive of the boundary and assuming on the boundary the values 6. Con- 
cerning the continuity of /’ and its derivatives of the first and second orders 
throughout a region ®, a similar assumption to that of §1 is made, while z is 
required to have partial derivatives of the first and second* orders continuous 
and finite within T. : 

The problem is to show that there exists among these functions z one 
which makes Ja minimum. 

The problem may be stated geometrically as follows: On the elements of 
the cylinder whose generatrix is the curve € and whose elements are parallel 
to the z-axis, lay off the boundary values. Thus a tortuous curve ¢ is gen- 
erated. And now it is required to span a surface into ¢ which shall make the 
integral Ja minimum. 

First, necessary conditions are established. Assume the problem solved 


* The assumption of the existence of second partial derivatives has not, so far as I know, 
as yet been shown to be superfluous in the case of the double integral. 
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and let z be the solution. Let Z = 2+ {be any varied surface, [ the vari- 
ation of z. Then it is shown that the relation 


_ 3 “ 
|| \ oF: ae v F', ~ Kh | drdy = 0 (= = oF sx =) 


CL CY 


re) 


must hold, no matter what variation € be chosen, The assumption of the 
existence of second partial derivatives of z is employed inthe next step, which 
consists in transforming this integral by the method of integration by parts 
(as in §1, end), in order to obtain Lagrange’s Equation : 





et es 
m cr cy 
’ ’ F F Cz F Cz 
aad BP — Pap — F'yq— Fp i. ~ * 5. 4 (18) 
' cy 
C2 z , O82 , 2 
—( F,, — + 2 oe == + Foe =) = 9 

( PP 52 mt trey CEPT, | 


It is further shown that, in the case of a minimum, the expression 


F?. — FF, = 90 


Pq pp’ ad 


at every point of the surface zt Leqendre’s Condition). We will assume that 


Pq — Fp hq < 9 (19) 
at all points of ht. 

Suppose, now, that we have succeeded in showing that a function z exists, 
fulfilling the conditions of continuity specified above, taking on the prescribed 
boundary values, and satisfying Lagrange’s equation throughout T. This 
function is the extremal C. What more is requisite in order that this func- 
tion may make Ja minimum? Itturns out that Weierstrass’s sufficient con- 
dition of §3 can be extended to this case immediately. First, then, we shall 
require the existence of a field about the extremal C. We assume : 

(1) that a function $(4, y, y) exists which, together with its partial de- 

rivatives br, bys $,, Drys Pypys is a continuous function of the three in- 
dependent variables (7, y, 7) in the domain 


T: (2, y), a point of X, inclusiveof ©; yworesSysrnte, 


where « is a positive constant; and that, for a constant value of y, 


d(x, y, 7) ts an extremal, which for the special value y = yo coin- 
cides with CO: 


(2) that $,(", Y, Yo) ~ 0 when (x 4) lies an zy or on ¢. 














CALCULUS OF VARIATIONS. 





127 


In order to obtain the Weierstrassian function &, we apply Hilbert’s 
method. First comes the 
Lemma. The necessary and sufficient condition that the value of the integral 


[ [ee ¥,2,p,q)jdedy 


z 


he independent of the surface z is that 
@.— —’ - —"=0 (20) 


Here, all surfaces considered are spanned into the same tortuous curve ¢, and 
® and z are subjected to the same conditions of continuity as F and z above. 
The differentiations indicated by the round 0 are performed on the supposition 
that (x, y) are the independent variables. 

Next, a function ® is chosen corresponding to (13) : 


P(r, ds , Ps q) = F(x, Ys @s ), q) + (p _— p) F,,(2, Ys ey p, q) 

+(¢—4q) Fy(x, y, 2 p,q) 

where p, q denote arbitrary functions of (2, y,2) having continuous first par- 

tial derivatives; and then it is required that p,q be so restricted that ® will 
satisfy (20). It is found that the relation must hold : 


(21) 


F, — [Pp + p Pe + (p, + pp.) Ppp - (dz oe Pq:)F pq | 


’ ’ ’ . (22 
—_ * + q F.4 + (Py + qp:) Png + (dy + qq:) Fo, ] = 0 ) 


This condition is always satisfied when a field exists and for p, q the fune- 
tions : 
PHOT YY), GHA, F= OO Y) 
are chosen. In fact, (22) then reduces to Lagrange’s equation (18), written 
for z= 
Replacing now in the expression for ®, (21), 2,p,9.~.4 bY Z,.1P,.Q, besdy 


respectively, and forming the integral J — J, whose integrand is the difference : 
F(x, Ys \ a P, ) _— P(x, Ys Z, PP’, ), 


we have, in this difference, the Weierstrassian function <5, save as to a posi- 
tive factor, a = cos a, where a denotes the acute angle that the normal to C 
at (x, y, Z) makes with the z-axis; 
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&=a\F (2,4, Z,P.Q) -— Flay, Z. brs Sy) — ( P— ¢,) F,(*, YZ, Per by) 
— ( ) _ $,) Fy(*; Ub Z, 5 $y) | 


= al Fy, (0)(P — be)? + 2F pq (8) (P= $2) (2 — by) + Fag 9) (0 —by)7] 
(23) 
Here, $,(1. 5 Y)s $y('s Ys 7) are regarded as functions of (x, y, Z), 7 being 
determined by the relation 
Z = (45 4. ¥)> 


and the expressions F,,(0), Fyg(@). Fyq(@) denote that the corresponding 
functions F,,,, ete., are formed for the arguments (7, y, 2, $. + @[P — ¢,), 
$, + O91Q—¢,)), O< <1. 


Since the relation 


F? 


Pq 


~ FF 


PP 


F. «<0 


17 


holds at all points of NH, the quadratic form in the last expression for ¢ is a def- 


’ 


inite form, and hence, if F,, > 0 (and consequently /,, also > 0), the integral 


p 


Ju f : | fe sec a dady = / / bas 
= “ 


where 7S denotes an element of the surface C, will always have a positive: 
value except when 


ter 


P—$,=9,  — $, = 9, at all points of I. 


Since a field exists, it can be shown as in the earlier case that these equations 
are satistied only when Cand C' coincide throughout. 

Application. Minimum Surfaces. The problem is to span into a closed 
tortuous curve TI a surface whose area shall be less than the area of any other 
such surface. 


Suppose that the curve [ has a continuously turning tangent, and that 
some of the surfaces spanned into [ are such that, M being a properly chosen 
plane, an arbitrary normal to .W meets the surface (inclusive of the boundary ) 
in at most one point, and is not tangent to the surface at this point. Choose 
M as the (x, y) plane of a system of rectangular coordinates, (zx, y, z). 
Then the area of the surface is given by the integral 


// V1l+ P+7 drdy, 
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and this integral is to be made aminimum. Lagrange’s equation is as follows: 





0% 2 oz ez 
l 2 — = 2 ——— |) pa =— (0. 
(+0) sa—2pag es + (tH) 540 (24) 
Thus if, of all the surfaces that can be spanned into [, which have at all 
interior points partial derivatives of the first and second order satisfying the yi 
conditions imposed on z at the beginning of this paragraph, there exists one 


which has a smaller area than any other, it must at all interior points satisfy 

(24). Conversely, this condition is sufficient. For, let the equation of this 

extremal, C, be 
z=f(r, y). 

Then a field exists about C extending indefinitely in both directions. As 

function @ we may choose the following. 


$Y Y+% W=9 -—H<Y<m. 

The area of C’ is not merely less than that of other surfaces of the class 
considered lying in a restricted neighborhood of C, but it is less than the area 
of any such surface. 

From this example we may generalize and say: Layrange’s condition 
(18), combined with the conditions 


ran > O Fo, — Fal oq < 9, 


pp pp 719 
is a sufficient condition for a minimum whenever the integrand F' does not con- 


tain z explicitly. 


HARVARD UNIVERSITY, i 
CAMBRIDGE, MassaACHUSETTS. 
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LAGRANGE’S EQUATION IN THE CALCULUS OF VARIATIONS, 
AND THE EXTENSION OF A THEOREM OF ERDMANN., 


By J. K. Wuitremore. 


1. Ify isa function of x which satisfies certain conditions of continuity 
and makes the integral 


"a [ B(x, ys y'ydx 


a minimum, then, as is well known, the following relation must be satisfied :* 


2, yy 
O) | (nfy+7Fy)de = 0, (4, = ZZ. ete. ) 
to cy 
where 7 denotes an arbitrary variation of y. 

It is the purpose of this paper to deduce from (1) the differential equa- 
tion, known sometimes as Lagrange’s Necessary Condition, with the fewest 
possible additional assumptions concerning y and /’, and also to prove a gen- 
eral theorem regarding the continuity of ¥' which has been shown by Erdmann 
to hold in certain special cases.¢ This condition is 





* For a proof of this theorem c/., for example, Professor Osgood's paper, this number of 
the ANNALS, p. 107. 

In the present paper it is assumed: 

(a) that the function F(z, y, p), regarded as a function of the three independent variables 


(z, y, p), is, together with its first and those of its second partial derivatives which present 
themselves, continuous throughout the region 


rR: Lo San Lsys YM, L'spsM; 


(4) that the function is continuous throughout the interval z, S z S 7; and has a continu- 
ous first derivative at all points of this interval with the exception, at most, of a finite number 
of points; and that y’ remains finite throughout the interval. 

+ Erdmann, Crelle, vol. 82 (1876), p. 21. A relation is there established from which it fol- 
lows in many cases that the graph of a function y which makes the integral J a minimum can- 
not have a vertex. Weierstrass extended Erdmann’s theorem to the case that z and y are 
expressed as functions of a parameter ¢, obtaining the equations 


[Fz], = [ Fe], Lo» [Fe]. = | Fy’ |i, 4 0. 
Cf. Kneser, Lehrbuch der Variationsrechnung, p. 172. 
(130) 
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_ aPy | 
(2) Fy — 7, = 0 


Let us consider first the usual method of obtaining the differential equa- 
tion (2) from (1). If we integrate by parts the second term of the integrand, 


we have : 
[ y Fda = [ov] -_ [ n one dx, 


Here the term [» Fy | ’ vanishes, if we assume n(%o) = (2,) = 0, and there- 


[ Fy de = — [5 aT de, 


fore 


The necessary condition (1) thus becomes 


foes dy “Tat de = ( = 


From this equation it may be proved —and in this proof we are not at present 
interested — that 


. dF. 
F, _ — = 0). 


We observe that the integration by parts here employed assumes the ex- 
istence of dF,,,/dz and hence, when /’,,,, # 0, of y”. It is just this assumption 
which we wish to avoid, for every assumption made concerning y restricts the 
scope of the problem solved. If we assume any property of y, we can know of 
the function y, found as a solution of the problem, only that it makes the in- 
tegral J smaller than any other function, y, having the same properties. To 
remove any assumption concerning y is to enlarge the solution of the prob- 
lem, — it is adding to the functions which give the integral a greater value than 
the y found as a solution. For example, consider the problem of finding the 
shortest line connecting two points of a plane. We define the length of the 
arc of the curve y = f(x) between two of its points, (x, y) and (2), 4), as 


L= pv + y"” dx. 


If we assume the existence of y” we find by the Calculus of Variations that 
the shortest line is the straight line joining the two points. It is however 


ee 
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quite conceivable that there should exist a function y, which has no second 
derivative y”, which would make the integral ZL smaller than the function y 
which defines the straight line. If we can avoid assuming the existence of 
y" this possibility is removed. 

The method of transforming the integral (1) which I have given above 
was, I think, used by all writers on the Calculus of Variations preceding 
Du Bois Reymond.* He showed how we may obtain equation (2) from (1) by 
assuming the continuity of y’ without assuming the existence of y. In this 
paper I shall show, following to a certain extent the method of Du Bois Rey- 
mond, as it was presented by Hilbert in a course of lectures on the Calculus 
of Variations delivered at Géttingen in the summer of 1899, that it is not 
necessary to assume even the continuity of 7’ at all points of the interval 
(29, 2). 

I assume for simplicity that 7’ has only a finite number of discontinuities ; 
but the method emploved applies without modification to the case that 7’ has 
an infinite number of discontinuities in the interval, the content of this set of 
points being zero. As regards the function F, I assume 

(a), for the proof of the existence of y” at a point in whose neighbor- 
hood »/' is continuous, that /’,.,-(“, y, y’) 4 0 at this point ; 

(4), for the proof of the continuity of y’ at a given point, that 
Fyy (2, y, ¥') 4 0, where Y’ has any value between (and inclusive of) the 
limits within which 7’ lies in the neighborhood of this point. 

It is interesting to note that this latter assumption is at the same time, 
provided a field exists, Weierstrass’s sufficient condition for a minimum for 
strong variations. 

2. Toavoid the necessity of assuming the existence of the derivative 
dF’,,/dz, and hence of 7, we integrate by parts the first instead of the second 
term of the integrand in (1). We have 


| 9 Fide = [» | Pye | as [( n'|f Pye) de. 


We shall, by a particular choice of the variation n, be able to show that the 
function 


F, - | F,dx = P(x) 





* Math. Annalen, vol. 15 (1879), p. 564. 
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is a constant. In deducing a necessary condition for a minimum we may evi- 
dently use a particular variation. From the fact that J (x) is constant we shall 
prove the continuity of 7 and the existence and continuity of y'’. 

The points at which 7’ is discontinuous or does not exist are by hypothe- 
sis finite in number. We may, then, choose two intervals a, to 8, and a, to B, 
so that rq < a, < By < ay < Be <1, 


B, — a, = B, — a, 


and further so that when 


IIA 


a,=2758, or a,=r 8, 
y'(x) is continuous. 

We wili now choose 7’, the derivative of the variation 7, as follows, where 
e is & positive constant. 








% 

: Pm, x 

oO} 7, a, B, <8, zy 
7 = 0 when musa, 
7! = e( -- a,)(P, — JW) a a) <r fed 
7! = B, < S ay 
n' = — €(" — ay) (BP, — 7) ai a, <2 58, 
7! = sn B, < S ry 


We see that 7’ is continuous ; the derivative of 
That is immaterial for our purpose. 


i 2. er ° 
n' is however not continuous. 


. 


The function 1, whose derivative is thus defined, which vanishes for 


x = xy is given by the formula : 


“Tr 
7 = | 7! dw, 
JZ 


Finally, n(2,;) = 0. Since e is arbitrary, it may be chosen so small that 7 will 
be a weak variation. This is desirable, since a necessary condition that holds 
even when only weak variations are considered is a broader condition than one 
that does not hold unless strong variations are admitted. 


We now transform (1), integrating by parts the term »/’,. 





We have 
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° oF de = [» / yas] [" (0 [ Fyae) ae 


I 


| ry (0! / F dr) dx. 
Je Je : 4 
Equation (1) thus becomes 


| n! (4 -| Fy ile) de = 0 


Since »' = 0 except when .r is between a, and 8, or between a, and 8,, we may 
write 
8, “By 
| e(—a,)(8,—“)P(r)de of e( —ay)(8,—1) P(r)de = 0. 
a, 3 


In the second integral let us change the variable of integration to 7, where 

Y= + a — Ay. 
The equation becomes then, if in the second integral we write x instead of y 
and if we combine the two integrals, 


By 
(3) [ e(x—a,)(8,—+)[ P(r) — P(x + a,—a,) ]de = 0. 


The factor in brackets is a continuous function of x, for we have supposed 
y continuous for all values of «+ between a, and 8, or between a, and B,, 
and F, and F are continuous functions of 7, y, and y'. Now the factor 
e(“ — a,) (8, — x) is never negative within the limits of integration. Hence 
for some value of « between a, and §,, we must have 

P(x) — P(e + a,—a,) = 0 


since this function of # must change sign, and, being continuous, must vanish 
in the interval. Let this value of « be 
v=a,+0(8,;—a,), OS6S51. 
Pia, + 6(B, aon a,) | = I ag + A(B, —- a,) }. 
We may now let 8; — a; approach zero, and since in the interval considered 
P(x) is continuous, 


P(a,) = P(ay), 


where a, and a, are any two points of the interval x, to 7, where / is contin- 
uous. 
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Thus it appears that the function P(x) has one and the same constant value, 
C, throughout the whole interval from x» to x, with the exception at most of 
a finite number of points, namely those at which we have not assumed the 
function y/ to be continuous. Let a; be one of these points. Introduce a 
function (x) which shali be equal to 7’ at all points at which y/’ is continuous, 
and at the point a; shall have a value presently to be defined. We shall 
show that this value may be chosen so that the function 


P(z) _ F,,(2, Ve w) i [ F (2, Y; y' dx 
will be continuous at x = az. _ 
The function 


$(x,0) = Fy(x, y,@) — [ P(x, ys y' ye 


regarded as a function of the independent variables, 2 and , is continuous in 
these variables, and it has the value C’ when @ is the function of x above 
defined and x + as. 

We may choose a positive number 6 so small that, when x satisfies the 
inequality 

aj< 4 Sa,+ 4, 
y' is continuous. Now, as x approaches a;, @(x) may conceivably approach 
no limit. Whether it does or not, there is certainly, since y’ is restricted to 
finite limits, at least one value, ©, such that there are points in every neigh- 
borhood of,a; for which the corresponding values 7 differ from 2 by less than 
any preassigned positive value. Let any such value 2 be chosen as the defi- 
nition of w(x) when x= a;: w(a;)=2. Now let x approach a; passing 
through only such values of x that (2) approaches @(a;). Since $(x, @) is 
a continuous function of x and w, we have, 
¢(a;,, 2) = lim ¢(2,0)=C 


z= es 
e=—0 


Suppose (x) is in this way defined at every point for which y’ is 
discontinuous or not defined. Then @(.c) is defined at all points of the interval 
tg to 2, and we have obtained the result that, for every value of x, 

P(x) = $(x, o(x)) = C. 

I will now prove that (x) is continuous. We have 

p(x + Ax, w(x + Ar)) — $(x, o(7)) = 0 
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Putting for ¢ in this equation its value, and using the mean value theorem, 


we have 
A@ Fy (x 4+ Ar, y+ Ay, @ + @Aw ) + Ay Fo (r+ Ax, y +. 0,Ay, w) 
‘r+Ar 


+ Ar Fy) (2 + 0,Ar, ¥, @) — / Kids = 0 


Jt 
or, solving for Ao, 


“r+aAar 


BF, ds — AF oy (0 + O Ax, y, @) —AyF,,(0 + Or, y + Ody, @) 





(4) Aw = : - 
Fyy (2+ Ax, y+ Ay, o + Ode) 
If now we let Av approach zero, the numerator of the fraction approaches 


zero, and the denominator does not, since by hypothesis 
By (yy. y) 49 L's ys M' 


Hence lim Ao = 0, and @(.r) is a continuous function of x. 
ar=0 
It can now be shown that 7’ exists at the point # = a3, and that the func- 
tion (7) is at this point continuous. For since visa continuous function in the 
interval a; = 7 S az + Ar(or, when Av < 0, in the interval as + Av S x Sa;), 
and since y has a derivative 7 at all internal points of this interval, we may 
apply to the function 7 the law of the mean. We have 


y(as+ Ar) — (as) 


Ar = (ay +0 Ax). 


Since we have shown that ¥'(a3+ @A.) approaches a limit as Ax approaches 
zero, the existence and continuity of y' at 7 = a, follow at once. 

To prove the existence and continuity of y", divide equation (4) through 
by Ax and notice that y' = @(.r) for all values of z in the interval (7, 7). 


Now let Az approach 0 and we have 
lim A,/ a hy, - Fy —7'F,, 


az =0 Az Fyy' 





Finally we may notice that, if the existence of the third partial derivatives 
of F’ is assumed, we may in the same way prove that 7” exists, and similarly 
for the higher derivatives. 


HARVARD UNIVERSITY, 
CAMBRIDGE, MASSACHUSETTS. 











ON SOME POINTS IN THE THEORY OF THE HYPERGEOMETRIC 
FUNCTION EXPRESSED AS A DOUBLE CIRCUIT INTEGRAL. 


By R. M. Hatruaway. 


Ir is well known that the hypergeometric series 


6G 
a er a(a+1)b(6+1) ie 


’ i] » = 
F(a, , €, 7) a 1-2¢(¢+1) 








satisfies the differential equation* 
Py dy 
x(l—«z) 7 + [e— (a+641)2] oe aby =0. 
If any solution of this differential equation be called a hypergeometric 
Junction, then the definite integral 


1 
| uA) — u)e-?- 11 — an) -4@du 
0 


is, whenever it has a meaning, such a function, since it satisfies the differential 
equation. When, however, the exponents 6 — 1 and c — 6 — 1 are such that 
the real part of 6 is not greater than zero, or the real part of c— 6 is not 
greater than zero, the integral ceases to converge, and it is necessary to seek 
some other expression for the hypergeometric function. The difficulty arises 
from the fact that the path of integration goes through two of the singular 
points of the function to be integrated. If, then, the path of integration be so 
chosen that the singular points are avvided, the integral will always converge, 
whatever may be the values of the exponents. In order that the function thus 
defined satisfy the hypergeometric differential equation, it is sufficient that this 
path be a closed one and that the function to be integrated shall have the same 
value at the end of the path as at the beginning; in other words, that the path 
of integration be a closed path on the Riemann’s surface for the function 


f(u) =u (1 —u)e-8- 1 — au). 
1. Double Circuits. The path of integration that we shall employ is 


a closed double circuit about two of the branch points of the function to be 











* Picard, Traité d’ Analyse, vol. 3, p. 274. 


(137) 
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integrated, and is so constructed that the variable wu in describing the complete 
path shall go just as many times about a branch point in the positive direction 
as it does in the negative direction, thus making the function return to its 
original value. Consider, for example, the double circuit integral about the 
points 0 and 1. If the variable w start from the point A (Fig. 1), there is 
first a positive circuit about 0, by which the function /() is multiplied by the 
constant @-), since the factor v’-! is multiplied by e*°-) and the other 
factors are unaltered. Next comes a circuit in the positive direction about the 
point 1, which gives rise to the factor @‘-°-’-», The circuits in the negative 

P direction about 0 and 1 give rise to the fac- 
J- tors 728°") and e@*ke-8-D respectively, and 

a since the product of all these factors is unity, 
the function f(~) has reproduced itself when 

the variable « has returned to the point A. 
A branch point vw» of a function $(«) 
wae is said to have the multiplier p if, when u 
describes a small closed path in the positive direction about uo, the branch 
of the function is thus multiplied by the factor p. This will, in particular, 
be the case if d(7) = (4 — u)*(), where ¥(u) is analytic at up and does 
not vanish there. In this case a is called the exponent of ug; the multiplier 
is 7, By the multiplier or exponent of the point * is meant the multiplier 
or exponent of the point uv’ = 0, where uw’ = 1/4. Double circuits about two 
branch points /Zand /f of any function will yield closed paths on the Riemann’s 

surface of that function whenever these branch points have exponents. 

Double circuit integrals were introduced by C. Jordan,* and were em- 
ployed later by Nekrassofft and Pochhammer}. Schellenberg,§ following sug- 
gestions of Klein’s, studied systematically the hypergeometric function as de- 
fined by a double circuit integral. The notion of the loop integral goes back 
to Riemann. | 





* Cours d Analyse, vol. 3, 1° ed., 1887, p. 241. 

t+ Math. Annalen, vol. 38 (1891), p. 509. 

$ Math. Annalen, vols. 35, p. 470; 36, p. 84; 37,p.500. Pochhammer discovered these inte- 
grals independently, l. ¢., vol. 37, p. 501. 

§ Neue Behandlung der hypergeometrischen Function auf Grund ihrer Definition durch das 
bestimmte Integral, Inaugural-Dissertation, Géttingen, 1892. Klein treated ‘this function at 
length in a course of lectures held at Gottingen in the winter semester of 1893-94: Die hyper- 
geometrische Function, Géttingen, 1894 (lithogr.; now for sale by B. G. Teubner, Leipzig). 

| Cf. Klein's historical note, Math. Annalen, vol. 38 (1891), p. 148. 
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The function f(u), whose integral is here to be considered, has the four 
branch points 0, 1, 1/2, © , and thus gives rise to a variety of double circuits. 
It is the purpose of this paper to consider the change in the corresponding 
double circuit integrals when the variable branch point 1 /x makes a closed 
circuit in the positive direction about one of the other three fixed branch points 
0, 1,0. This problem ina more general form has been taken up by Schle- 
singer,* but it is of interest to determine directly what these changes are for 
the particular case of the hypergeometric function, as it is difficult to extract 
from his general formule the special results and the fundamental principle. 
Kleint has also considered the change in the hypergeometric function intro- 
duced when the variable branch point 1/z makes a closed circuit about another 
branch point. But he makes use of straight line integrals between two of the 
branch points instead of double circuit integrals. The change in the straight 
line integrals having been determined, the corresponding change in the double 
circuit integrals may be found from the relations connecting these two classes 
of integrals. In this paper, however, the double circuit integrals will be di- 
rectly investigated. 

Consider a double circuit about two branch points, 77 and A’ (Fig. 2). 
Evidently that path is equivalent to a succession of single loops drawn from 


_ = 





Fic, 2. 


an ordinary point P of the plane about the points // and A. That is, the 
double circuit is equivalent to the path formed by making first a loop from P 
in the positive direction around //, then a loop from / in the positive direc- 
tion around A, next a loop in the negative direction around /7 followed by a 
loop in the negative direction around A’, Designate by sq a loop drawn from 
P in the positive direction around J/, and by sz a loop drawn in the negative 





* Handbuch der Theorie der lincaren Differentialgleichungen, vol. 21, p. 427. 
t Vorlesung aher die hypergeometrische Function, p. 100. 
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direction. Then an integral taken along the double circuit is equivalent to an 
integral taken along the path 878 878%, Where the order of the factors from 
left to right in the product indicates the order in which the circuits are to be 
made. This is only one of an indefinite number 
of double circuits that can be drawn about the 
points J/7, A. Thus another double circuit is that 
shown in Fig. 3, where G is another one of the 
branch points, 

If! x« make a circuit about 77 or A’, a double 
circuit about J7 and Av will be altered. We shall 
study the changes thus arising by means of the 





component loops 8), 8x4 8j/+ 8x: 

2. The Transformation of the Loops, when 1/x describes a 
Closed Path. We proceed to consider the changes introduced in the loops 
8, 8}, 8,5 8, drawn from a point J? of the axis of reals intermediate between 
the points 0, 1 and encircling respectively the four branch points 0, 1, 1/2, 
0 of f(u), when the variable point 1/2 makes a positive circuit about the 
point 0. The loops are to fullow each other as they emerge from the point 2 
in the order indicated in Fig. 4.° The point 0 is an obstruction over which no 











Fic. 4. @ 
Fic. 5. 


part of the loop s, can pass, else the path of integration would go through a 
singular point. Similarly the path & is an obstruction over which the point 





* We remark that we get a different set of loops (one not deformable continuously into the 
present set) if we allow the four loops to emanate from the point Pin a different order. 
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1/x cannot pass. We may avoid these difficulties and allow 1/x to make the 
complete circuit and come back to its starting point if we imagine the loops 
89, 825 8}, 82, tv be flexible cords fastened at P and stretched around the points 
0, 1/2, 1,0. Then after 1/x has made a circuit in the positive sense about 0, 
the position of the loops is indicated in the accompanying figure (Fig. 5). 

If the transformed loop is denoted by 8, then we have immediately, by 
inspection of the figure, the following relations : == 


a) _ g . _—l 
Sg = 8,898, 

a 88,8. 8. ' #7" 

“2s “ae ao “2 
(1) () 

s) = & 

0) 
x = @.« 
. @ x 


In a similar manner it is shown that, when the point 1/7 makes a positive 
circuit about the point 1, the following transformation results : 


»! _ 
sy = Xo 
At) =] 
2 NS, == 88,87 
vf a{" = 8 88)87's7' 
S ~- x 
z. x ’ 


where sj} denotes the transformed loop s,, when 1/+ makes a positive circuit 


around the point u = 1. 

3. The Corresponding Transformation of the Simple Loop 
Integrals. We shall now investigate the changes in the fundamental simple 
loop integrals when 1/z makes a circuit about 0 or 1. 

Denoting the integral ff(«)du taken along the loop s by f,, we find : 


a [nf onfsonfomen | 
“ 4,998," 5, 8 ‘ — 7 


Here and in what follows we have replaced /—1, ¢ — 4 — 1, —a@ respectively | 


by a, 8, 8, so that the integrand becomes 
J(u) = w(1 —u)8(1 — any’. 
The exponent y of the point x has the value : 
" ya —a—B-—8-2. 
If a, denote the exponent of the branch point // it is easily seen that 


(4 ) / + emt, | = . 
J & : “ 84 


“ 
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Reducing (3) by means of (4) we get: 


(5a) 


Similarly, 


( ah) 


Corresponding to the circuit of the point 1). 





/ =" 1 ok ernie ) | \ gis | 


the following transformation. 


(6) 





/ 1 
« sy 
l, 
8 
. z 
| 1) 
“7 
zx 


4. Double 


Loop Integrals. 


the two branch points /7, A’, corresponding to the loops 8g, &x, so that 


; | . . 
Link =| ory / + errileyte,) | + ermteg [ 
-i -1 
$47 Fx J 4% 54 J 8% , 


+ 


s 
HW A 


I, 


( 1 _— prrid ) | 1 porip | 


(1 4 ver(s + — e2eiB y | 4 plviB ( l pa e*niB ) / 
Js Ja 


/ 


zx 


Circuit Integrals expressed in Terms of Simple 
Let Lag denote generally a double circuit integral about 


—1 ,-! 


-| 


a 


and hence, by use of (4), 


(7) 


In particular, 


(8) 


Linx = (1 —e*"**) | —(1 


( Lo 


4 Loz 





Liz 
\ 


. “ 


— (1 — iB) / — - — ernie) 


&,, 4; 
= (1 ‘sale oo) | l po em) 
* 4, 


—_ (1 — nny | ae (1 — eit) 
%; Js 





e2rts( 1 _ cea) | 
sy 


r about the point 1, we have 


* 
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These double circuit integrals are not linearly independent, but all can be 
expressed as integral linear homogeneous functions with constant coefficients 
of any two linearly independent ones. This follows from the fact that these 
integrals are all solutions of a linear differential equation of the second order. 
We can obtain this, however, independently by means of the component sim- 
ple loop integrals, and, what is more, determine in a very simple manner the 
coefficients of the linear relations. We begin by showing that Z,, can be ex- 


pressed linearly in terms of Lo, and 1, :—* 


Ly => A Lez a BIy,. 


Express Lo,, Lor, Ly, in terms of the loop integrals by means of (8). 


Then A and B are so to be determined that the equation 


(1 — er) / — (1 — ee) f 
J % 8) 


= A(1 —e***) / -[ aa — ere) + Bl — eit) | / + Bl —aw) [ 
@ % J 8 e 5) 


z 


is satisfied. A sufficient condition for this is the following : 
A(l —_ r) _ ( l Sia gr) 
Bl — ee) — ( Dee fm) 


A(1 — &r#) + BEL — er8) = 0. 


Here the third equation for A and J is a consequence of the other two. Hence 


when 6 is not an integer, 
_ erripB BD ae ertia 


[— era Me 


(1) Lo = 


1 a parid “Or 


In a similar manner it is shown that 


( e—iria __ e—tri(a +8 +8) e—2ri(a+B+8) (1 — efne) 
Lion orgies rs a “or + — feat “1x 
(10) , e—taia (| — @&%) 1 — em2ri(a +4) 
= re " 


Lie ao 


—2ri —2ni B+6 
| Dew = eM Lge + CMTE HD Lye. 


] — e2*% 4 “Or TF -: paris ~~~ “ie 











*That Lo., Li, do not, in general, vanish identicady, can be seen from formulas (8) by giving 


to a, 8, 8 properly chosen special values. 
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5. Transformation of Double Circuit Integrals. Let us finally 
consider the changes in the fundamental double cireuit integrals when the point 


1/x describes a closed circuit about the point 0. We have by equation (8) 


|B a (1 — e2nib) | . —? (1 ee ge) I, 


and substituting the values of | and | given in equations (5@) and (5d), 


and combining terms 


Lo — peri ats [a ~ reid ) | a (1 = ony | ] 


0 
or by equation (8) 


(11a) Lio = Aets Dy. 


In the sume way it is shown that 
(114) LL = — (1—e™) &* 1, + Ly. 
The transformations of other double circuit integrals may be obtained in 
a similar manner. Thus 
(Lo = L.. — (1 —~&) ZL, 
(12) 7 ri B+e — 
. ES = ret £,, 
6. The Monodromic Group. If .1!, Band C represent the respec- 
tive transformations which /,, and ,, undergo when 1/x makes positive 
circuits about 0, 1 and x , then by equations (11) 


oei' b-a 


{ - ( =—"s 
- nia ae lria (1 = gar co-b ), 1 


Similarly, from equations (12) 
l,-—(l-—e™) 
B= *y pinic-b-a) ) 
Lastly 
C= At} 


These results may be stated in the following theorem. 

The integrals In, and Ly, are functions which are analytic everywhere 
except in the vicinity of the points 0, Land x , and which undergo the trans- 
Sormations A, Band C, when the variable 1/2 makes circuits about the points 


0, land «@ in the positive direction. 
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In the case of the hypergeometric series the quantities a, 4, c are constants. 
They may, however, be replaced by single valued, or even multiple valued 
functions of x (under obvious restrictions) and the method of this paper will 
still remain valid. The double circuit will continue to represent a closed path 
on the Riemann’s surface of the function f(~) and all the formulas of transfor- 
mation will remain valid. But the integrals Z,,, Z;, would not be hyperge- 
ometric functions in the more general case. This generalization is due to Dr. 
Wylezynski.* 


UNIVERSITY OF CALIFORNIA, BERKELEY, May 1900. 


*Amer. Jour. of Math., vol. 21 (1899), p. 100. 

















Sigh nde 


nat He oe Pa So eh ee Mae = -_ * 
RNIN CNS Pa Sy 2s MRSS 
5 PA Z 


a ee 








Roe 





= 





A THEOREM IN CONTINUED FRACTIONS. 
By Derrick N. LEHMER. 


In an earlier note on Continued Fractions® it was proved in effect that 
A,., = Baa 


where A,,, B,, denote respectively the numerator and denominator of the mth 
convergent of the simple periodic continued fraction 


1 1 1 1 
= + — 


d2+ 43 + coeoo t+ Ont ateesrs 
occurring in the development of a quadratic surd into a continued fraction 


- | 
ylt = qo ae 


By the aid of this relation and the theorem: Every simple periodic 
continued fraction is a root of a quadratic equation with integral coefficients 
whose roots are of contrary signs, one being greater and the other less than 
unity in absolute value, and the reciprocal of the negative root is equal in ab- 
solute value to the continued fraction which has the same quotients in inverse 
order (C, Smith, Algebra, p. 462),—we may show readily that the quotients 
in the expansion of a quadratic surd, the nth quotient being excluded, read 
backward and forward the same. 


Consider the simple periodic continued fraction 


re ae 1 | ' 
—s ie die ce ie ed © 





obtained by omitting q, in the value of xz given above. Up to and including 
A,,.,/B,-, the convergents of y are identical with those of z, so that 


Brey = A,» ° 





* ANNALS OF MATHEMATICS, ser. 1, vol. 11, p. 64. 
(146) 




















A THEOREM IN CONTINUED FRACTIONS. 
Now the equation for y is (C. Smith, l. c.) 


Bue y¥* + (Ba-s _ A,,_;) Jj— , a 0 





and if —,/’ is its negative root 


|= 


8 1 1 1 . 
Qn-2+ Yn-ste++U+Gr1t +++ (?) 1] 





7= YUn-1 


= 


Since Bys= Ago. —yy'=—1 and |=y. 


Hence the continued fractions in (1) and (2) are equal, and corresponding 
quotients g, and q,_; are identical (Chrystal, Algebra, vol. 2, p. 398). There- 
fore the quotients of x exclusive of q, read backward and forward the same. 


University OF CaLirornia, OcToBer, 1900. 
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NOTE ON THE DUAL OF A FOCAL PROPERTY OF TEE 
INSCRIBED ELLIPSE. 


By R. E. ALLarDIce. 


TuE focal property of the inscribed ellipse referred to in the title is the 
one to which the well-known theorem given by Steiner in an article entitled 
Développement d'une série de théortmes relatifs aux sections coniques,® relates, 
namely, that any two points that are isogonal conjugatest with reference to a 
triangle are the foci of an ellipse inscribed in the triangle. As the focal prop- 
erties of a conic are metrical, we cannot be certain of recognizing all possible 
aspects of their duals. It is, however, not difficult to see that we may find a 
dual of the theorem that the focal radii are equally inclined to the tangent, in 
the theorem that the intercept on the tangent to a hyperbola made by the 
asymptotes is bisected by the point of contact. We may also (especially if 
we consider the analogue in spherical geometry) regard the theorem that the 
tangent to a hyperbola forms with the asymptotes a triangle of constant area, 
as a dual of the theorem that the sum of the focal radii of an ellipse is constant. 

The theorem that is the subject of this note is as follows: 

Any tro straight lines that are isotomic conjugates with respect to a triangle 
are the asymptotes of a hyperbola circumscribing the triangle. 





* Annales de Mathématiques, vol. 19, pp. 37-64; Gesammelte Werke, vol. 1, pp. 191-210. 

t Isogonal conjugates are defined thus: Two lines through the vertex of an angle are 
isogonal conjugates if they are harmonically separated by the two bisectors of the angle. With 
respect to a triangle, two points are called isogonal conjugates when the lines joining them to 
the three vertices of that triangle are pairs of isogonally.conjugate lines in the three angles. 
Cf., for example, Lachlan, Modern Geometry, pp. 55-56. 

To define similarly isotomic conjugates, call the midpoint of a segment of a straight line 
and the infinitely distant point of that line the bisectors of the segment: then two points are 
isotomic conjugates in a segment of a line if they are harmonically separated by its bisectors. 
With respect to the three sides of a triangle, two lines are called isotomic conjugates when 
their points of intersection with those sides are pairs of isotomically conjugate points with 
respect to the segments included between pairs of vertices. 

} The lemma on which the duality of the figures is based is apparently the following, in- 
frequent in text-books: If two sides of a triangle inscribed in an ellipse pass through the foci, 
the pole of the third side lies on the normal at the opposite verter of the triangle. This pole being 
taken as centre of a circle, the two figures referred to are dual with respect to the circle.— 
[Ep.] 


(148) 
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The proof by elementary geometry is immediate. Let PD and PE he 
isotomic conjugates with reference to the triangle ABC (Fig. 1); through A 


and C draw A// and CM, AN and CL parallel to PD and PE. 


E 





Fig. 1. 


Then the triangles AJTE and DLC are congruent, as are also the triangles 
DNA and CME. Hence the parallelograms AP and CP are equal in area; 
and hence a hyperbola may be constructed with PJ) and P£ as asymptotes, 
to pass through A, B and C. 

Thus if the envelope of one asymptote of a conic circumscribing a triangle 
be given, we can write down the equation of the envelope of the other. In 
particular, if the first asymptote pass through a fixed point, the second 
asymptote will envelope a conic inscribed in the given triangle. 

I have obtained the following results: if 


Ipy + mya + naB = 0 
be the equation of a circumscribed conic, then the equations of the asymptotes 
are 
ata + [{4a + Yahblm + (al + bi — en ) Ab’ 2m) 
+ [3A 4 2aeln % (al — bm + en) AM 2a} y = 0, 


where A= @P + Pi + Aen? — 2abli — 2hemn — 2canl. 
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150 ALLARDICE. 


Further if pa + 78 + ry = 0 be the equation of one of the asymptotes, 

then 7, m, n, are determined by the equations 
l'p (hr —Cq )? =my («p _ ar)? = n/r (aq oe bp)?. 

It is well known that the nine-point circle is the locus of the centre of an 
equilateral hyperbola circumscribing a given triangle. The following simple 
proof, depending on the foregoing theorem, seems worth noticing. 

Let ABC (Fig. 2). be any triangle, and DEF, J/ EF" a pair of isotomic 
conjugates intersecting at right angles in J’. These lines are by the former 











theorem the asymptotes, 7 the centre, of an equilateral hyperbola circumscribed 
to the triangle ALC. The locus of /’ is to be found. Let 1, M,N, be the 
middle points of the sides, then L, .W, V, are likewise the middle points of 
DI), FE", FF’; hence we have 

LNPM= ZNPF + LZMPE= ZNFP+ ZMEP= ZA= ZNLM. 


Hence /? lies on the circle passing through 1, M,N, that is, on the nine- 
point circle, 











A SIMPLIFIED SOLUTION OF THE CUBIC.* 
By Emory McCurntock. 


In the cubic @ + 3ct + d= 0, is there not some value of d for which the 


substitution ¢ = —- 

v+l1 
leading to the solution of the one cubic for which d has that special value ? 
Performing the substitution, we have Av* + 3 v? + 3Cv + D, in which we 
find that B— C= (1l—e)(c+e), and that if we put e=—c, we have 
B=C=d—C+c, 80 that if d have the value @—c, B= C=0, and 


shall cause the coefficients of v? and v to vanish, thereby 


D=—cA. If, therefore, in the special cubic + 3ct + ¢(ce — 1) = 0, we 
. vu—C . 

substitute ¢ = a , we obtain at once Av? —c.A = 0, so that the solution 

is ¢ —ci, 


To transform any cubic, reduced to the form 
a4 3mx+mn = 0, (1) 


to the special form thus found capable of solution, we have only to put x = A. 
If in the special cubic we substitute ¢ = zh, we derive 2° + 3ch?x + 
c(e — 1)h3 = 0, which compared with (1) shows that m= ch?and n = ch —h, 
If k be written for ch, we are thus enabled to lay down the following rule for 
the solution of any cubic reduced to its short form. 


In 2+ 3mr + mn = 0, (1) 


substitute for each letter respectively 


he —k h 4k , 
eh, (2) 
m = hk, (3) 


n=k—h, . (4) 








* This paper was read before the American Mathematical Society at its meeting of Decem- 
ber 28, 1900. 
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152 MeCLINTOCK, 


so that on reduction there remains 


Aw k=O, (5) 


3}: 3 nk 
rT, = = / _—- e ) 
\i V (1+ = () 


The second forms in (2) and (6) are especially adapted for computation. 
There are three values of 7, one for each cube root of unity. The values of 
h and & are obtained from (3) and (4) by solving the quadratic m = A? + nh, 
namely, 


A= an 4 y (mm +. tn?), (7) 
k= sn $y (m + tn’). (8) 
Since A and k have each two values, 4, and 4, or Ay and ky, such that A, = — hy, 
and /,=—4,, it follows that v has two values, such that 73 = 4,471 and 


v3 = hh! = hk-' = 1p, so that vr, = vyp!; but this causes no corresponding 
duplication of x in (2), since 
hi, —_ k, — x oe * h, hv, — } 4 


eS = ae (9) 
If there are two equal roots, / + 4 = 0, and the formula (2) still serves, be- 
coming #=h, 

The statement of (1) may of course be varied by a change of sign, as for 
example by writing —3aur for 3mr, when n becomes h +k and other corre- 
sponding changes follow. 

The simplest and least ambiguous form of Cardan’s solution is 2 =u — mu", 
where u= fr. The second expression in (2) has the advantage of presenting 
a cube root only once. It is believed that the second expressions in (2) and 
(§) are novel, while the general nature of the analysis is apparently most 
nearly approached by the solution of Bézout, which will be found in Matthies- 
sen’s work on literal equations. The order is, however, quite different, and 
the simultaneous substitution for 7, m, and n, in which the present solution 


essentially consists, may be new, as may also be the preliminary introduction 
of the special cubic. 
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